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The reaction K (r)+P — Y+ B is considered, in which ¥ is a spin-} hyperon and B is a spin-{ boson
which decays into two spin-zero bosons. Taking into account the consequences of parity conservation in the
production process, the structure of the joint decay distribution of ¥ and B is defined for arbitrary spin £. It
is shown that, at given production angle and total center-of-mass energy, there are 2£(2{—1) constraints on
the complete set of moments of the joint decay distribution. These constraints may be utilized to test for the
compatibility of a set of data with each hypothesized value of £. The structure of the joint decay distribution
may also be used to define the forbidden moments, whose absence may be experimentally verified in order to
rule out distortion of the distribution due to interference effects, final-state interaction, or experimental
biases. The absence of the forbidden moments is also important in cases where the spin of B is known and
the data are used to determine the production parameters.

IN reactions of the type,

K(m)+P— Y4B
N (1)
Bo+By,

where ¥ is a spin-} hyperon and B is a spin-¢ boson
which decays into two spin-zero bosons By, Eberhard
and Good! demonstrated that the correlations between
the decay directions of ¥ and B contain information
which has bearing on the determination of €. They
derived for each nonzero spin £, a specific inequality that
quadratic forms of the data must satisfy at each pro-
duction angle (©) and total center-of-mass energy (E*).
The consequences of parity conservation in the pro-
duction process were not used, and the polarization
of ¥ is only examined along one (arbitrary) direction.

In this paper we show that if parity conservation in
the production process is taken into account, and if all
three components of the hyperon spin are used, at
given © and E* there are 2€(2(—1) constrainis on the
moments of the decay distributions. These constraints
may be utilized to test for the compatibility of a set of
data with each hypothesized ¢. The calculation based
only on invariance arguments, for general spin £,? is
presented and the structure of the joint decay distribu-
tion of ¥ and B is defined.

A description of the final state of reaction (1) which
is compatible with angular momentum and parity con-
servation in the production process is facilitated if use
is made of Bohr’s theorem on reflection invariance.?
With the quantization axis chosen to be along the nor-
mal to the production plane (A~K X B), the following
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relation holds between the intrinsic parities and the
magnetic quantum numbers (m) of all the particles
participating in the reaction:

explir > mi =@ explir 3 my], (2)

where the sums Y m,; and Y m, are over the particles
in the initial and final states, respectively, and @® is the
product of the intrinsic parities of all the particles.
Equation (2) allows the final state of reaction (1) to be
described by the following two incoherent wave func-
tions resulting from target proton spin up (down) and
down (up), respectively, according as @ is odd (even)*:

Y= X anVerkat T anVem(E)B,

odd m even m ( 3)
¢2= Z me’(m(E)6+ Z bmylm(é)a1
odd m even m

where the a,, and b,, are functions of ® and E*, o and 8
are Pauli spinors describing the ¥ spin state, and the
argument % of the spherical harmonics is the unit decay
vector of B expressed in the rest system of B. It is shown
below that only the direction and not the sense of £ is
important here. Although the choice of azimuthal angle
is arbitrary in the above discussion, for definiteness the
x axis is taken to be along the beam d1rect10n so that the
coordinate system is (£,9,8)= (K, AXK, #) with all vec-
tors defined in the total center-of-mass system.

Assuming an unpolarized target, calculation of the
distribution function of £ averaged over ¥ spin I(E)
= (Y1]y¥1)+{¥2|¢¥2) and of the ¥ polarization distribu-
tion IP(B)= (Y1 |e|¥1)+(Wa|a|¥s) yield the following
forms,

4 The use of Y1 (k) for the spin wave function of B is valid be-
cause the two final-state bosons have spin zero. It is also true in
the case of a 3r decay of a 1~ particle (for example, the «) where
the matrix element has the structure #;X#; that ¥ ;M (k) is a suit-
able form of the spm wavefunction (B~;X#;). Extension of the
method discussed in this Letter to decays B — 3B, of higher
spin objects will require the use of other suitable angular functions,
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R 2f
k)= 2. 2 nealVi™ (k){Z( )7e(CLL, mM —m)(am@mesr*+bmbum.sr*)} (4a)
L=0 even M
A 26 A
1P, (k)= > ML Vi (k) { > c(bbL, mM—m)(— amam~n1*+bmbnl_31*)} s (4b)
L=0 even M m
. 20
IP(R)=1 3 3 Yy M(k){z c(ClL, mM —m)(— am@m_st*+b0mbm_ar™)} , (4¢)
L=0 odd M
A 26 A
IP(k)=—2. 2. meVLM(R){(—)mc(blL, mM —m)(am@m—s*+bmbm-u*)} , (4d)
L=0 odd M m

where

2041 "
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and where the notation for the Clebsch-Gordan coefficients is ¢(£i16sL; mims). n¢;, =0 if L is odd and therefore only
even L ¥ ” occur in these distributions. This is a consequence of angular-momentum conservation in the decay of
B. Thus the sign of £ plays no 1ole in the analysis. The consequence of parity conservation in the production
process is that only even M ¥ 1 occur in I(k) and IP,(k) and only odd M ¥ 1™ occur in IP,(k) and IP,(%).

I and IP determine the joint decay distribution function of ¥ and B, which may be written as,

D(k,p)dudxdydz=1(I(E)+-ayIP(E) - p)dudxdydz (5)

where $ is the ¥V decay baryon unit vector expressed in the ¥ rest frame, x, v, z are its direction cosines (with re-
spect to &, 4, 8), dQ is the solid angle differential of £, and ay is the asymmetry parameter in ¥ decay.

The moments of the experimental data which may be evaluated are (Y ,M(k)), (xV .2(E)), (y¥ LM (k)), (zV .M (E)).
For example, the last of these evaluated with Eq. (5) gives

¢L; 00),

Y M(E))= / / SD(l%,ﬁ)zYLM(l%)kodxdydzzog / 1P (k)Y M(E)dQy. (6)

Equations (4a)-(4d) thus yield the following relationships® between the experimental moments and the production
parameters of Eq. (3), where as in Egs. (4), 0< L<2¢;

even M only;

(Y M)= ner 2o (—)"ec(bbL, mM —m)(Amu~+ Bmn)
ay
(zV M) = — (-;)wL > c(ClL;mM—m)(Amu— Bmar); 7
odd M only;
ay
Y LM)=i (}‘)W: 2 c(bbL, mM—m)(Amu—Bmu) ,
ay .
(¥ L M)=— <‘3‘>77€L 2 (= )me(8bL, mM —m)(Anr+ Bun)
where that Y n{|an|2+|bn|2}=1. An error matrix for the

A mM = am*am-M' 5
Bmﬂl:: bm*bm—ll[ .

The normalization condition (V%)= (4x)~'/2 requires

8 Simpler functions of the production parameters can be pro-
jected out of Egs. (7) by multiplying by the Clebsch-Gordan
coefficient C(€4L; mM —m) =4[c(¢0L; mM —m)~4-c(LlL; M —mm) ]
and summing overgL.

moment measurements in a given experiment may be
calculated in the usual way using the relation Uxy
=(1/N(N—1)) Zi¥ (X—X)(F-7 ) which gives the
covariance for moments X and ¥, X and ¥ being the
experimental averages and the subscript 7 referring to
the 7th event.

It is seen that for given spin £ there are M =2(6+4-1)
X (2¢+1) measurable ¥ ,¥ moments (counting the nor-
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malization condition). Thus, for each ® and E*, there
are M, different functions of the N,=2(4(-}-1) param-
eters of Egs. (3). In other words, the a., and b, are over-
determined by C,=M,—N,=2{(2(—1) relations. For
example, C1=12—10=2,%2 and C,=30—18=12,

For a given set of experimental data, complexity
arguments may be used to find a lower limit for the spin
€2 Liax/2. The constraints discussed in this letter may
be utilized to calculate a C, degree-of-freedom x?2 for the
compatibility of the data with each hypothesized spin
{. For each point in the N ,-dimensional space of pro-
duction parameters, moments may be calculated using
Egs. (7) and a x2 evaluated that the experimental mo-
ments are given by these hypothesized moments. The
results of a x?-minimization search in the IV, space yields
a probability that the data are compatible with the
hypothesized ¢. This procedure is then followed for all
values of £ under consideration. A spin identification can
then be made if there is only one £ which yields a reason-
able probability.

Inasmuch as these considerations hold only for fixed
0 and E¥, it is necessary to examine the question of how
one would treat data in practice. The extent to which
the data may be averaged over ® and E* depends
on the production dynamics in Eq. (1), an apriori
unknown factor. However, the question may be settled
empirically by noting that if averages are made over
excessively large ranges of ® and E¥, then even for the
correct £, Xmin? should have a very small probability,
corresponding to the fact that because the moments de-
pend quadratically on the production parameters, data
that have been averaged over large ranges of ® and E*
will no longer satisfy the above constraint equations.
One should find experimentally that as the range of ®
and E* over which the data are averaged, is made pro-
gressively smaller, the Xi,2 for (at least) the correct ¢
hypothesis should also decrease to the region where it
represents a reasonable probability.
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With the increasing frequency of bubble-chamber ex-
periments involving many hundreds and even thousands
of events of particular reactions under study, it now
seem possible to perform analyses of data in small
(i.e.,Acos®0.1) bins of ©. In the Z* spin-parity deter-
mination experiment of Schlein ef al.% in which polariza-
tion moments of the data were evaluated, it was shown
with the use of Monte Carlo techniques that x? calcula-
ted with 80 events essentially followed the theoretical
x? distributions. x? results of independent analyses of
7n® and E* bins may be combined in the following way.
If X;;* with C degrees-of-freedom is the result of the jth
independent test of hypothesis 7, then the over-all x;?
for the hypothesis is given by X2=3";.1" X;;* with nC
degrees-of-freedom.

Departures of the experimental decay distributions
from the distributions given by Egs. (4) and (5) may be
detected by looking for the presence of ‘“illegal” ¥V M
moments. These departures may result either from ex-
perimental biases or from interference between reaction
(1) and other channels which lead to the same final
state Y+ Bo+ By'. Interference of this type may be ex-
pected to be particularly serious in cases where B is a
very broad resonance, such that its mean decay dis-
tance is of the same order as the range of nuclear
forces. In cases where the spin of B is known and the
data are used to determine the production parameters,
the absence of the “illegal” moments, is of course, a
requisite to any subsequent moment analysis.
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